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INTRODUCTION 
In this paper we consider the transverse vibrations of a thin cylindrical 
rod of variable density and constant flexural rigidity which is clamped at 
both ends. In Section I we prove two results on the principal frequency of 
these rods. These theorems are analogous to theorems on the principal 
frequency of nonhomogeneous strings. Theorem 1 corresponds to a result of 
Beesack [1] and Theorem 2 to a result of Krein [2]. 
In Section I I  we consider nonhomogeneous clamped rods with equimeasur- 
able density and we prove an inequality for the minimum of the nth frequency 
(n =2~). This Theorem 3 should be compared with a much stronger state- 
ment on the extrema of the frequencies of equimeasurable strings. 
We rely heavily upon results of Beesack [1, 3]. Notation and methods are 
similar to those used in our paper on nonhomogeneous strings [4]. 
I. Two RESULTS ON THE PRINCIPAL FREQUENCY 
To shorten the proof of Theorem 1, we start with two simple lemmas. 
LEMMA 1. Let p(x) be positive and piecewise continuous in -- a ~ x ~ a, 
0 < a < co. Let yl(x) be a first eigenfunction qf the system 
y,4~(x) - ~p(x)y (x )  = o, y ( -k  a) = y ' (± a) = O. (1.1) 
Then y'~(x) vanishes exactly once in (-- a, a). 
PROOF. We assume first that p(x) is continuous in [ - -a ,  a]. Then 
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yl(x) a C (4) -y (~ a) = 0 and Rolle's theorem imply that Y'I vanishes at least 
once in (- -  a, a), Hence, if the conclusion of the lemm~ is wrong then either 
y'l(Xl) = y'l'(x,) = O, -- a < x~ < a or y'l(Xl) = y'l(x2) = 0, - -  a < x I < 
x 2 < a. In both cases it follows by Rolle's theorem (and y' l (~ a) ~ 0) that 
Y'I' vanishes at least at three different points in ( - -a ,  a); Y'I" vanishes at 
least at two different points and, finally, there exists a point x0, --  a < x o < a, 
such that y{4)(x0) = 0. But yl(x) :/: 0 in (--  a, a) and we thus obtain from 
(1.1) and p(x) > 0 the desired contradiction. 
I fp  6 D, then Yl e D 141, and the discontinuities ofy  14)(x) occur at the jumps 
ofp(x). I f  the conclusion is wrong then, as before, y"'(x) vanishes at xs and x4, 
- -  a < x a < x 4 < a and y(4)(x) cannot be of constant sign at all its points of 
continuity in (xa, xa). This again contradicts p(x) > 0 and yl(x) T= O. 
LEMMA 2. Let p(x) be positive, piecewise continuous and symmetric 
(p(x) = p( - -  x)) in -- a ~ x <~. a. Let yl(x) be the first eigenfunction of (1.1). 
Then y=l(X) is symmetrically decreasing in [-- a, a]; i.e. y~(x) = y2(_  x) and 
(y~(x))' > 0 for -- a < x < O. 
PROOF. We use a result of Leighton and Nehari [5, Lemma 4.1] that all 
eigenvalues of (1.1) are simple. The symmetry of p(x) implies that together 
with yl(x) also Yl(-- x) is a first eigenfunction. Hence, as they are propor- 
tional and as y~(0) :/: 0 it follows that yl(x) = ya(-- x). By Lemma 1 y'l(X) 
vanishes only for x = 0. This and the boundary conditions imply 
y(x) y'(x) > O for - -a<x<0.  
The following theorem is analogous to a theorem of Beesack on non- 
homogeneous strings [1, Theorem III]. 
THEOREM 1. Let p(x) and q(x) be positive, piecewise continuous and sym- 
metric in -- a ~ x ~ a, 0 < a < oo and such that 
fo fo q(~) dx = p(x) d~. (1:2) 
-a  --c~ 
Denote the first eigenvalue of (1.1) by Al(p) and let ~(q) be the first eigenvalue 
of 
y(4)(x) -- hq(x) y(x) = 0 y (+ a) = y'(:~: a) = 0. (1.3) 
I f  there exists a point b, 0 < b < a such that 
q(x) >~ p(x), 0 <~ x <~ b and q(x) <~ p(x), b <~ x ~ a, (1.4) 
then 
~l(q) <~ al(p). (1.5) 
Moreover, strict inequality holds unless p(x) ~ q(x). 
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PROOF. The proof is analogous to Beesack's proof and uses his integral 
inequality [1, Theorem 2]. This integral inequality and Lemma 2 imply 
fa_.~ PY~ dx ~ f~, qy~ dx, (1.6) 
where Yl is the first eigenfunction of (1.1). Hence 
L y'~'~ d~ y l  ''~ d~ 
al(p) _ ~y~ dx qy~ dx 
f a 11, jr2 ( Ix  
Min - ~  2x(q). (1.7) 
The minimum is taken over all functions u 6 D" which satisfy the boundary 
conditions. If )tl(q) = hi(p) then Yl is also the first eigenfunction of (1.3); 
hence p ~ q. We remark that, as in [1, Theorem 3], the symmetry of q(x) 
is not needed and (1.2) may be replaced by 
L q(~) d~ ~> p(~) d~. 
M. G. Krein found the extrema of all eigenvalues for certain classes of 
nonhomogeneous strings [2, Theorem 5]. Our next theorem is analogous 
to his result, but deals only with the first eigenvalue. In [4, § 2] it was 
shown that the result of Krein can be obtained by splitting his class into 
equimeasurable subclasses. We use here the same device. E(p) denotes the 
class of all piecewise continuous functions which in [-- a, a] are equimeasur- 
able to a given positive and piecewise continuous function p(x). The uniquely 
defined, symmetrically increasing (decreasing) function of this class is denoted 
by p+(p-). Beesack proved the following isoperimetric inequality for the 
nonhomogeneous clamped rod: 
hi(P-) ~ ~I(P) < ~x(P+), (1.8) 
[3, Theorem 1]. (Here Al(p) is again the first eigenvalue of (1.1).) xThis and 
our Theorem 1 imply the following result. 
THEOREM 2. Let M, h, H and L = 2a be positive numbers uch that 
hL < M < HL. Denote by E = E(M, h, H, L) the class of all positive and 
piecewise continuous functions p(x) defined in [-- a, a] for which 
f~ p(x) dx = M and h ~ p(x) ~ H, --  a <~ x <~ a. 
- -a  
1 Beesack assumes p(x) positive and continuous, but his proof holds also for positive 
and piecewise continuous functions. 
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Let P+(x) (P-(x)) be the uniquely defined function of E which takes only the 
two values h and H and which is symmetrically increasing (decreasing) in 
[-- a, a]. Then 
Max )tl(p) = ,~I(P+), (1.9) 
p~E 
1V[in )~I(P) = )ll(P-). (1.10) 
p~E 
PROOF. Theorem 1 implies that for any p(x) ~ E 
A~(P-) ~< A~(p-) ~< A~(p+) ~< ha(P+ ). 
(Cf. the proof of [4, Theorem 3].) This and (1.8) prove (1.9) and (1.10). We 
remark that (1.10) was proved, for the case h = 0, by D. Banks [6, Theorem 
6.4]. 
I I .  AN INEQUALITY FOR HIGHER FREQUENCIES 
Let p(x) be positive and piecewise continuous in [0, L], 0 < L < oo and 
let p+(x) (p~(x)) be its symmetrically increasing (decreasing) rearrangement 
of n-th degree. Let h~(q) be the n-th frequency of a string with fixed ends and 
density q(x), q E E(p). Denote the extrema of A~(q), in the equimeasurable 
class E(p), by A + and A~-. Then 
A• ~ ± = n2A#, 2, 3,  .-- (2 .1 )  = , (pX  ) = n~a l (p~)  n = 
[4, Theorem 1]. 
The last equality sign of (2.1), i.e., ~I(P~) = A~ is valid also for the clamped 
rod. (This is Beesack's result [3, Theorem 1], our formula (1.8).) We show 
presently that the analogue of the middle equality sign of (2.1) is, for n = 2 ~, 
wrong for the clamped rod and we do not know whether A,~ = A~(p~) is 
correct for the rod. I f  we consider only the outer terms of (2.1) then it is 
easily seen that for no n (n = 2, 3, "-') the relation A~ = n4A~ holds for all 
classes E(p). To show this we consider the (clamped) homogeneous rod, 
- -  A~. But p(x) =~ c. In this case E(p) contains only one term, hence )~,,~(c) - ± 
(for p(x)= 1, r=~)  ~" '=n+½+(- -1 )  ~+1~, where c 1<0.007 and 
the sequence el, ca, "'" converges rapidly to zero [7, p. 90]. Hence, in this 
case, h~ < n4hl. For any equimeasurable class E(p) we prove a similar 
inequality for ,//~- but only in the case n = 2 ~. 
THEOREM 3. Let p(x) be positive and piecewise continuous in 0 ~ x ~ L, 
0 < L < oo. Let E(p) be the class of all functions which are piecewise continuous 
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in [0, L] and equimeasurable there to p(x). Denote for each q(x) ~ E(p) the 
n-th eigenvalue of the system 
ym(x) --  Aq(x) y(x) = O, y(O) = y'(O) = y(L) = y'(L) = 0 (2.2) 
by As(q). Set 
Then 
A 7 = Min As(q). (2.3) 
qe E(p ) 
AT~ < 24~A~, h = 1, 2, -'.. (2.4) 
PROOF. We mentioned above that all eigenvalues of (2.2) are simple 
[5, Lemma 4.1]. In the proof we use this and another esult of Leighton and 
Nehari, namely that the nth eigenfunction of (2.2) has n --  1 simple zeros 
in (0, L), [5, Lemma 4.2]. 
We first prove (2.4) for the case k = 1. Let pT(x) be the symmetrically 
decreasing rearrangement of second degree of p(x) in [0, L] ; i.e. p~(x) ~ E(p), 
pT(x + L/2) = pT(x), 0 <~ x <~ L/2 and pT(x) is symmetrically decreasing 
in [0, L/2]. We denote the second eigenfunction of 
y(4'(x) - -  apT(x) y(x) = O, y(O) = y'(O) = y(L) = y'(L) = 0, (2.5) 
by yz(x). The two lemmas mentioned just now and the symmetry of p~(x) 
with regard to L/2 imply that 
y=(L/2) = y"(L/2) = o, y=(x) @ o, 0 < x < L/2. (2.6) 
This and y2(0) = y'2(0) = 0 imply that y2(x) is in [0, L/2] the first eigen- 
function of the rod which is clamped at x = 0 and supported at x = L/2 
and whose density is the restriction ofpT(x ) to this interval. The correspond- 
ing first eigenvalue is A~(p7 ). But the first eigenvalue of this clamped-supported 
rod is smaller than the first eigenvalue of the rod with the  same density 
which is clamped at both ends. (y(L/2) = 0 implies y"(L/2) = 0 as natural 
boundary condition [7] and as, by [5, Lemma 4.2] y'z(L/2) ~ 0 it follows 
that y2(x) cannot be the first eigenfunction of the clamped-clamped rod.) 
By the definition of p-~(x) it follows that the first eigenvalue of the clamped- 
clamped rod over [0, L/2] with density pT(x) is 24A1(pT). We thus proved 
A2(p~-) < 24 AI(p~-). (2.7) 
Using definition (2.3) and Beesack's result (1.8) we obtain 
A~ < 24 A 7 
and we thus established (2.4) for k = 1. 
(2.8) 
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To prove (2.4) for k = 2 let y4(x) be the fourth eigenfunction of the rod 
which is clamped at x = 0 and x = L and whose density is p~(x). 
(p~(x) ~ E(p); pT(x q- kL/4) --.pT(x), h = 1, 2, 3, 0 <~ x <~ L/4; p~(x) is 
symmetrically decreasing in [0, L/4].) It follows that y4(0)=y[ (0 )= 
y,(L/2) = y'4'(L/2) = 0 and ya(x) vanishes once in (0, L/2). y4(x) is therefore 
the second eigenfunction of the rod with (the restriction of) p-4(x) as density 
which is clamped at x = 0 and supported at x = L/2. aa(PT) is the corres- 
ponding second eigenvalue. I f  we clamp also the right end of this rod then 
all eigenvalues increase. But by the definition of p-~(x) the second eigenvalue 
of the clamped-clamped rod (of density p~(x) and lying over (0, L/2)) is 
24A2(p~-). Hence 
A4(p~-) < 24 1~(p~-). (2.9) 
(2.9), (2.7), (2.3) and (1.8) now give 
A~<2SA~ (2.10) 
For each v, v = 3, 4, .'. 
L,,(p~) < 24 A2,-* (PT~-~) (2.11) 
follows as in the above cases v = 1 and v = 2. Using these inequalities from 
v = 1 (i.e. (2.7)) up to v = k we obtain (2.4). Theorem 3 is thus established. 
The sam e proof gives for any natural numbers n and k 
< (2.12) 
but if n :/= 2 m then we do not know whether 1~(p;) < n4Aa is valid. 
Similarly, )t~(p +) < 24~1(p +) = 24A + holds, but nothing can be deduced 
from this with regard to the maximum A +. (In the right hand inequality of 
(2.12) we Can replace the superscript - -  by +.)  
We conclude with the following remark. Owing to the simple zeros of the 
higher eigenfunetions the natural generalization of the fixed string is not 
the clamped but the supported rod. Denoting the nth eigenvalue of 
ym(x) -- tzp(x)y(x) = O, y(O) = y"(O) -= y(L) = y"(L) = 0 by /z,(p) then 
iz,,(p~) = na~l(p~). Beesack's result on the clamped rod may possibly be 
modified to yield/Zl(p~ ) ~ tzl(p) ~ tza(p+). I f  this is correct, then it may be 
possible to obtain the complete analogue of (2.1). 
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